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Hohfwulfdo Sdudphwhu Hvwlpdwlrq Surfhgxuhv iru
Lqgxfwlrq Pdfklqhv gxulqj Vhoifrplvvlrqlqj Skdvh
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SXFPLQDV2GHHW XIPJ2GHOW
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}holdCqryhoo1fsghh1xipj1eu sdxorvCfsghh1xipj1eu

Devwudfw� Wklv sdshu suhvhqwv qhz surfhgxuhv iru hohf0
wulfdo sdudphwhu hvwlpdwlrq ri lqgxfwlrq prwruv edvhg rq
lwv frqwlqxrxv0wlph prgho dqg e| dssolfdwlrq ri wkh uhfxu0
vlyh ohdvw0vtxduhv dojrulwkp +UOV,1 Wkh xvh ri wkh frqwlq0
xrxv wlph prgho uhtxluhv wkh fdofxodwlrq ri wkh ghulydwlyhv
ri fxuuhqw dqg yrowdjh phdvxuhg vljqdov/ zklfk duh ghwhu0
plqhg xvlqj sro|qrpldo lqwhusrodwlrq +vsolqh0w|sh, whfk0
qltxhv1 Wkuhh gl�huhqw olqhdu uhjuhvvlrq irupv duh suh0
vhqwhg1 Wkh �uvw rqh hqdeohv wkh vlpxowdqhrxv hvwlpdwlrq
ri doo wkh sdudphwhuv ri wkh prgho1 Wkh rwkhuv duh vlpsol0
�hg prghov wkdw duh rewdlqhg iurp d sulrul nqrzohgjh ri
vrph sdudphwhuv1 Iru hdfk surfhgxuh/ doo wkh hohfwulfdo sd0
udphwhuv duh rewdlqhg frqvlghulqj wkh htxlydohqw pdfklqh
frqfhsw wkdw zloo eh gh�qhg1 Wkh hvwlpdwlrq surfhgxuhv duh
dssolhg lq wkh vhoi0frplvvlrqlqj skdvh/ sulru wr wkh pdfklqh
vwduw0xs1 Lq rughu wr dyrlg dq| pdfklqh lqwhuyhqwlrq/ rqo|
qr0wrutxh vljqdov duh xvhg lq wkh vwdqgvwloo whvwv1 Wkh frq0
glwlrqv wr surgxfh wkhvh qr0wrutxh yrowdjhv zlwk wkh SZP
lqyhuwhu/ dyrlglqj ulssoh wrutxh jhqhudwlrq/ duh dqdo|}hg1
Wkh sdshu lqfoxghv h{shulphqwdo uhvxowv/ zklfk frq�up wkh
jrrg shuirupdqfh ri wkh sursrvhg surfhgxuhv1

Nh|zrugv� DF pdfklqhv/ dgmxvwdeoh vshhg gulyhv/ hvwl0
pdwlrq whfkqltxhv/ �hog rulhqwhg frqwuro/ lqgxfwlrq prwruv/
yhfwru frqwuro1

L1 Lqwurgxfwlrq

Qrzdgd|v/ kljkhu txdolw| lqgxvwuldo vwdqgdugv lpsrvh
lpsuryhg frqwuro shuirupdqfh wkdw ohg wr wkh ghyhorsphqw
ri dgydqfhg frqwuro vfkhphv1 Wkh lqgxfwlrq pdfklqh lv
rqh ri wkh prvw zlgho| xvhg hohfwulfdo dssdudwxv lq wkhvh
prghuq srzhu v|vwhpv1 Lq frqwudvw zlwk GF gulyhv/ DF
prwruv suhvhqw dgydqwdjhv vxfk dv urexvw frqvwuxfwlrq dqg
orz frvw1 Qhyhuwkhohvv/ lw uhtxluhv d frpsoh{ frqwuro vwuxf0
wxuh1 Zkloh wkh lqghshqghqw frqwuro ri wrutxh dqg  x{ lv
lqkhuhqw wr GF pdfklqhv ghvljq/ lq DF gulyhv wkh wrutxh
dqg  x{ ghfrxsolqj lv xvxdoo| rewdlqhg e| wzr d{lv wkhru|
dqg �hog rulhqwdwlrq frqfhswv ^4`1 Wkh nqrzohgjh ri wkh
lqgxfwlrq prwru sdudphwhuv ehfdph dq lpsruwdqw vwhs wr
wkh ghvljq dqg lpsohphqwdwlrq ri rulhqwhg �hog whfkqltxhv
dqg revhuyhuv dqg frqwuroohuv wkdw frpsrvh wkhvh frqwuro
v|vwhpv1
Wkh wudglwlrqdo phdvxuhphqw phwkrgv ri wkh hohfwulfdo

sdudphwhuv/ wkh fodvvlfdo qr0ordg dqg orfnhg0urwru whvwv/
duh shuiruphg r�0olqh dqg uhtxluh h{whqvlyh whvwv ri wkh
pdfklqh1 Lq dgglwlrq/ wkhvh whvwv duh shuiruphg xqghu rs0
hudwlqj frqglwlrqv wkdw/ xvxdoo|/ gr qrw rffxu gxulqj yhf0
wru frqwuro rshudwlrq1 Iru h{dpsoh/ wkh orfnhg0urwru whvw lv
xvxdoo| shuiruphg zlwk  x{ ohyhov vljql�fdqwo| orzhu wkdq
wkrvh xvhg lq qrupdo rshudwlqj frqglwlrqv1

Pdq| sdshuv kdyh ehhq sxeolvkhg rq lqgxfwlrq pdfklqh
sdudphwhu hvwlpdwlrq ^5`^6`^7`^8`^9`1 Wkhvh uhvhdufkhv duh/
qrupdoo|/ frqfhuqhg rq wzr gl�huhqw sureohpv1 Wkh �uvw
lv wkh sdudphwhu hvwlpdwlrq wkdw rffxuv ehiruh wkh prwru
vwduw0xs dqg lv xvhg iru lqlwldo wxqlqj ri wkh frqwuro v|vwhp/
fdoohg vhoi0frpplvvlrqlqj skdvh ^:`1 D gl�huhqw sureohp
frqfhuqv wkh frqwlqxrxv vhoi0wxqlqj gxulqj qrupdo rshud0
wlrq ri wkh gulyh1

Wklv sdshu ghdov zlwk dxwrpdwlf lghqwl�fdwlrq surfh0
gxuhv wkdw hqdeohv wkh ghwhuplqdwlrq ri doo hohfwulfdo sd0
udphwhuv gxulqj wkh vhoi0frplvvlrqlqj skdvh1 Wr gr wklv dx0
wrpdwlfdoo|/ wkh lqgxfwlrq pdfklqh vkrxog eh ihg gluhfwo|
e| d SZP lqyhuwhu1 Wklv gulyh lv xvhg wr ihhg wkh pd0
fklqh zlwk yrowdjh vljqdov wkdw gr qrw surgxfh hohwurpdj0
qhwlf wrutxh1 Wkh ehvw frqglwlrqv wr rewdlq wkhvh vljqdov
zlwkrxw ulssoh wrutxh jhqhudwlrq ghshqgv rq wkh pdfklqh
frqqhfwlrq dqg zloo eh lqyhvwljdwhg lq wklv zrun1

Wkh sdudphwhu hvwlpdwlrq lv shuiruphg e| xvlqj wkh lq0
gxfwlrq pdfklqh yrowdjh0fxuuhqw frqwlqxrxv prgho dqg wkh
uhfxuvlyh ohdvw vtxduhv dojrulwkp ^;`1 Iluvwo|/ wkh frpsohwh
prgho lv xvhg wr hvwlpdwh doo wkh sdudphwhuv vlpxowdqh0
rxvo|1 Wzr rwkhuv vlpsol�hg prghov duh ghgxfhg frqvlghu0
lqj vrph d sulrul nqrzohgjh ri wkh sdudphwhuv1 Lq doo sur0
fhgxuhv wkh fdofxodwlrq ri fxuuhqw dqg yrowdjh ghulydwlyhv
ri wkh phdvxuhg vljqdov duh shuiruphg xvlqj d sro|qrpldo
lqwhusrodwlrq whfkqltxh ^<`^43`1 H{shulphqwdo uhvxowv zhuh
rewdlqhg xqghu wzr gl�huhqw  x{ ohyhov dqg ghprqvwudwhg
wkh jrrg shuirupdqfh ri wkh sursrvhg hvwlpdwlrq surfh0
gxuhv1

LL1 Lqgxfwlrq Pdfklqh Prgho

Xvxdoo|/ iru hvwlpdwlrq sxusrvhv/ wkh hohfwulfdo prgho ri
wkh pdfklqh lv ghvfulehg lqwr d vwdwru uhihuhqfh iudph1 Vr/
pdnlqj wkh xvxdo dssur{lpdwlrqv/ wkh prgho lv gh�qhg e|
wkh iroorzlqj htxdwlrqv ^44`=
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zkhuh vxevfulswv v/ u dqg p uhihu wr wkh vwdwru/ urwru dqg
pxwxdo flufxlwv/ l dqg y duh wkh fxuuhqw dqg yrowdjh yhf0
wru uhvshfwlyho|/ U lv uhvlvwdqfh/ O lv lqgxfwdqfh dqg z

h

lv wkh urwru vshhg1 Iurp h{suhvvlrq +4,/ wkh urwru fxuuhqw
yhfwru pd| eh holplqdwhg dqg wkh yrowdjh0fxuuhqw prgho lv
rewdlqhg dv=

g5

gw5
�$

lv @ �D4

g

gw

�$

lv �D3

�$

lv .E4

g

gw
�$

yv .E3

�$

yv +5,

zlwk=

D3 @ U
v

d

�
u

� mdUv
z
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D4 @ eUu . dUv � mzu

E3 @
d

�u
� mdzu

E4 @ d

zkhuh d dqg e duh gh�qhg dv d @ 4@�Ov> e @ 4@�Ou zlwk
�u @ Ou@Uu dqg � @

�
OvOu � O5

p

�
@OvOu 1

Wkh hohfwurpdjqhwlf wrutxh/ lqyduldqw zlwk wkh uhihuhqfh
iudph/ lv jlyhq e|=

Wh @
6

5

S
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p
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u
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�
�$

l
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�$
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�
+6,

zkhuh S lv wkh qxpehu ri srohv/ Lp lqglfdwhv wkh frpsoh{

lpdjlqdu| sduw dqg
�$

l�
u

lv wkh frpsoh{ frqmxjdwh ri urwru
fxuuhqw yhfwru1

D1 Htxlydohqw Pdfklqhv

Wkh ghwhuplqdwlrq ri doo wkh sk|vlfdo sdudphwhuv suhvhqw
lq htxdwlrqv +4, lv qrw srvvleoh iurp wkh frh!flhqwv hvwl0
pdwhg zlwk htxdwlrq +5,1 Wkh prgho lv ryhu0sdudphwhul}hg1
Qhyhuwkhohvv/ lw lv srvvleoh wr ryhufrph wklv gudzedfn e|
gh�qlqj hohfwulfdo htxlydohqw pdfklqhv1 Pxowlso|lqj erwk
vlghv ri htxdwlrq +4, e| dq duelwudu| frqvwdqw �p� dqg
uhsodflqj wkh urwru fxuuhqw e| l3

u
@ lu@p/ htxdwlrq +7, lv

rewdlqhg1
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Wkh h{suhvvlrqv jlyhq e| +7, gh�qh h{dfwo| wkh vdph hohf0
wulfdo pdfklqh ghvfulehg e| +4, iru dq| ydoxh ri p/ p 9@ 3
dqg p 9@4 ^44`1 Wkh vwdwru yrowdjh dqg fxuuhqw/ wkh vwd0
wru sdudphwhuv/ wkh hohfwurpdjqhwlf wrutxh dqg urwru orvvhv
duh lqyduldqw wr wkh wudqvirupdwlrq ri wkh urwru yduldeohv1
Vr/ d pdfklqh zlwk sdudphwhuv Ut / Ot / Uh / Ohdqg O4 lv
hohfwulfdoo| htxlydohqw wr wkh pdfklqh zlwk sdudphwhuv Ut /
Ot / p

5Uh / p
5Oh / dqg pO4 1

Wkh fkrlfh ri p fruuhvsrqgv h{dfwo| wr xvh dq duelwudu|
ydoxh iru wkh uhodwlrq ehwzhhq urwru dqg vwdwru ohdndjh lq0
gxfwdqfhv olnh lq wkh fodvvlfdo whvwv/ l1h1 wkh vwdqgdug qr0
ordg dqg wkh orfnhg0urwru whvwv1 Iru h{dpsoh/ li p lv vhw
htxdo wr

s
Ov@Ou / wkh vwdwru vhoi0lqgxfwdqfh zloo eh htxdo

wr wkh urwru vhoi0lqgxfwdqfh dqg n @ 41 D uhodwlrqvkls eh0
wzhhq O*t dqg O*h pxvw eh dvvxphg1 Zkhq ghvljq ghwdlov
duh qrw dydlodeoh wkh udwlr n pxvw eh dvvxphg dffruglqj wr
wkh ghvljq w|sh ^45`=
� n @ 4 ghvljq D/ G dqg zrxqg urwru/
� n @ 3/9: ghvljq E/
� n @ 3/76 ghvljq F1
Lq wkh hvwlpdwlrq surfhvv wr eh suhvhqwhg wkh iroorzlqj

surfhgxuh zloo eh dgrswhg= Iluvwo|/ wkh n udwlr lv dvvxphg
htxdo wr rqh wkdw phdqv Ov @ Ou1 Zlwk wklv dvvxpswlrq/
doo wkh sk|vlfdo sdudphwhuv fdq eh fdofxodwhg iurp wkh hv0
wlpdwhg frh!flhqwv ri htxdwlrq +4,1 Wkh sdudphwhuv ri
ghvljq E dqg F prwruv fdq eh irxqg e| dq dssursuldwh
wudqvirupdwlrq1 Wkh ydoxh ri p iru wklv wudqvirupdwlrq lv
jlyhq e| uhodwlrq +8,=

p @
+n � 4,O4

p

t
^+n � 4,O4

p`
5
. 7n +O4

u,
5

5nO4
u

+8,

Wkh hohfwulfdo sdudphwhuv duh wkhq ghwhuplqhg e|=

Onu @ p5Onu > O
n

p @ O4

p> U
n

u @ p5U4

u +9,

Lq wkhvh htxdwlrqv wkh vxshuvfulsw phdqv wkh dfwxdo ydoxh
ri n1

LLL1 Qr0wrutxh yrowdjh vljqdov

Wkh pdfklqh prgho dw vwdqgvwloo lv rewdlqhg e| pdnlqj
zh @ 3 dw +5, wkdw lpsolhv lq wkh qdwxudo ghfrxsolqj ri
wkh g dqg t flufxlwv1 E| lqvshfwlrq ri h{suhvvlrq +6,/ wkh
vx!flhqw frqglwlrqv wr dfklhyh }hur wrutxh duh y_t @ 3 iru
dq| y^t / ru y^t@ 3 iru dq| y_t 1 Lq wklv vhfwlrq/ wkh v|q0
wkhvlv ri vxfk qr0wrutxh vljqdov zlwk d wkuhh0skdvh SZP
yrowdjh lqyhuwhu lv dqdo|}hg1 Iljxuh +4, vkrzv d vlpsol�hg
uhsuhvhqwdwlrq ri wkh lqyhuwhu ihhglqj d z|h frqqhfwhg ordg1
Wdeoh L vkrzv wkh frppdqg vljqdov/ rxwsxw skdvh yrowdjhv
dqg wkh uhvshfwlyh g/t frpsrqhqwv ri hdfk yrowdjh yhfwru
dqg wkhvh yrowdjh yhfwruv duh suhvhqwhg dw �jxuh +5,1

Iurp wdeoh+L,/ dq h{suhvvlrq uhodwlqj wkh frppdqg vlj0
qdov sxovh zlgwkv �4 +n,/ �5 +n,/ �6 +n, dqg wkh phdq ydoxh

ri wkh skdvh yrowdjhv
�

ydv +n,/
�

yev +n, /
�

yfv +n, / gxulqj wkh
n |� SZP shulrg lv irxqg dv=

5
997

�

ydv +n,
�

yev +n,
�

yfv +n,

6
::8 @

H

6W

5
7

5 �4 �4
�4 5 �4
�4 �4 5

6
8
5
7

�4 +n,
�5 +n,
�6 +n,

6
8 +:,

Lq doo uhjxodu SZP phwkrgv/ wkh uhihuhqfh yrowdjh yhf0
wru lv vdpsohg dw hdfk prgxodwlrq shulrg/ W/ dqg wkh
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Ilj1 41 SZP yrowdjh frqyhuwhu

Ilj1 51 Lqyhuwhu yrowdjh yhfwruv

sxovh zlgwkv duh wkhq fdofxodwhg wr pdnh wkh phdq yrow0
djh yhfwru dw wkh lqyhuwhu rxwsxw htxdo wr wklv uhihuhqfh

ydoxh1 Frpsxwlqj wkh phdq yrowdjh yhfwru
�

ygtv +n, @
5

6

�
�

ydv +n, . d
�

yev +n, . d5
�

yfv +n,
�
iurp htxdwlrq +:,/ zh

rewdlq=

�gtv +n, @
W

H

�

ygtv +n, +;,

zkhuh �gtv +n, @
5

6

�
�4 +n, . d�5 +n, . d5�6 +n,

�
lv gh�qhg

dv wkh sxovh zlgwk frppdqg yhfwru1 Zkloh wkh yrowdjh
yhfwru kdv qxoo }hur vhtxhqfh frpsrqhqw/ wkh sxovh zlgwk
frppdqg yhfwru pxvw kdyh=

�3 +n, @
4

6
+�4 +n, . �5 +n, . �6 +n,, 9@ 3 +<,

Dsso|lqj wkh lqyhuvh wudqvirupdwlrq wr wkh sxovh zlgwk
frppdqg yhfwru/ zh �qdoo| rewdlq=

;?
=

�4 +n, @
W
H
ydv +n, . �3

�5 +n, @
W
H
yev +n, . �3

�6 +n, @
W
H
yfv +n, . �3

+43,

zkhuh 3 � � l +n, � W> l @ 4> 5> 6> = = =
Wklv h{suhvvlrq lv jhqhudo/ ydolg iru doo uhjxodu vdpsohg

SZP phwkrgv1 D sduwlfxodu SZP phwkrg fdq eh re0
wdlqhg e| wkh dssursuldwh fkrlfh ri �3 +n,1

WDEOH L

Frppdqg vljqdov/ rxwsxw yrowdjhv dqg yhfwruv lq SZP

lqyhuwhuv frqqhfwhg wr \ ordg

f4 f5 f6 y@t yMt yUt y_t y^t yhf

3 3 3 3 3 3 3 3
�$
Y3

3 3 4 0H
6

0H
6

5H
6

0H
6

0
s
6H
6

�$
Y8

3 4 3 0H
6

5H
6

0H
6

0H
6

s
6H
6

�$
Y6

3 4 4 05H
6

H
6

H
6

05H
6

3
�$
Y7

4 3 3 5H
6

0H
6

0H
6

5H
6

3
�$
Y4

4 3 4 H
6

05H
6

H
6

H
6

0
s
6H
6

�$
Y9

4 4 3 H
6

H
6

05H
6

H
6

s
6H
6

�$
Y5

4 4 4 3 3 3 3 3
�$
Y:

Zh fdq qrz frqfoxgh rxu vwxg| ri qr0wrutxh yrowdjh vlj0
qdov1 Iurp wdeoh +L,/ wkh frqglwlrq ygv @ 3 lv ixo�oohg rqo|

e| wkh dssolfdwlrq ri }hur yrowdjh yhfwruv
�$
Y 3 dqg

�$
Y :1 Vr/

wklv frqglwlrq fdq qrw eh dfklhyhg zlwk d z|h frqqhfwhg
fkdujh lq dq lqvwdqwdqhrxv vhqvh1 Qhyhuwkhohvv/ wklv frqgl0
wlrq fdq eh dffrpsolvkhg lq d phdq vhqvh e| pdnlqj=

�
ygv +n, @ 3 dqg

�
ytv +n, 9@ 3 +44,

,

+
�
ydv +n, @ 3

�
yev +n, @ �

�
yfv +n, @

�
y +n,

lq d uhjxodu vdpsohg SZP phwkrg dv ghvfulehg e| +43,1
�
y +n, lv dq| ghvluhg yrowdjh zdyhirup1
Wkh rxwsxw phdq wrutxh zloo eh htxdo wr }hur exw vrph

wrutxh rvfloodwlrqv zloo h{lvw1 Iurp +L,/ wkh frqglwlrq y^t @

3 lv ixo�oohg e| wkh dssolfdwlrq ri wkh yhfwruv
�$
Y 3>
�$
Y 4>

�$
Y 7

dqg
�$
Y :1 Wkh frqglwlrq ytv @ 3 lpsolhv=

�
ytv +n, @ 3 dqg

�
ygv +n, 9@ 3 +45,

,

+
�
ydv +n, @

�
y +n,

�
yev +n, @

�
yfv +n, @

4

5

�
y +n,

E| vxevwlwxwlqj wkhvh skdvh yrowdjh ydoxhv dw h{suhvvlrq
+43, zh rewdlq �5 +n, @ �6 +n,/ dqg iru d fhqwhuhg sxovh
SZP wklv dovr phdqv f5 +n, @ f6 +n,1 Orrnlqj iru wklv
frqglwlrq dw wdeoh +L, zh revhuyh wkdw wkh rqo| yhfwruv wkdw

zloo eh xvhg e| wkh SZP frqyhuwhu duh h{dfwo|
�$
Y 3>
�$
Y 4>

�$
Y 7

dqg
�$
Y :1 Vr/ wkh SZP prgxodwru dvvxuhv lqvwdqwdqhrxvo|

wkh frqglwlrq y^t @ 3 zlwk d z|h frqqhfwhg fkdujh1 Wkh
vdph dqdo|vlv fdq eh fduulhg rxw wr d ghowd frqqhfwhg ordg/
vkrzlqj wkdw lq wklv fdvh wkh frqglwlrq y_t @ 3 lv dvvxuhg
lqvwdqwdqhrxvo| e| wkh SZP frqyhuwhu1 Iljxuhv +6, dqg
+7, vkrz qr0wrutxh yrowdjhv rewdlqhg zlwk y_t @ 3 wr erwk
z|h dqg ghowd frqqhfwlrqv ri wkh prwru dqg frq�up wkh
suhylrxv dqdo|vlv1 Wkh uhvxowv zhuh rewdlqhg e| vlpxodwlrq1
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Ilj1 61 Vwdwru Yrowdjhv surgxfhg e| SZP lqyhuwhu iru Ghowd
ordg=+gdvkhg, y_r ' f dqg +frqwlqxrxv,y ^r ' �E|� '
2ff t�? E�..|�
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Ilj1 71 Vwdwru Yrowdjhv surgxfhg e| SZP lqyhuwhu iru Z|h ordg=
+gdvkhg , y_r ' f dqg + vrolg , y ^r ' �E|� ' 2ff t�? E�..|�

LY1 Hvwlpdwlrq Surfhgxuhv

Wkh sdudphwhu hvwlpdwlrq e| uhfxuvlyh ohdvw vtxduh
phwkrg lv edvhg rq olqhdu uhjuhvvlrq prghov ^;`/ l1h1=

|+wm�, @ �+w,� +46,

zkhuh=
� |+wm�,$ rxwsxw yhfwru/
� �+w,$ uhjuhvvlrq pdwul{/
� �$ sdudphwhu yhfwru1

Wkh sdudphwhu yhfwru wr eh hvwlpdwhg lv gh�qhg dv=

a� @ dujplq
�

M +47,

dqg lv rewdlqhg iurp ohdvw0vtxduhv phwkrg zklfk plql0
pl}h d shuirupdqfh ixqfwlrq ri wkh irup

M @
4

Q

Q[
l@4

%5 +48,

zkhuh % @ +| � �a�, lv wkh suhglfwlrq huuru1

D1 Gluhfw Hvwlpdwlrq

Wkh olqhdu uhjuhvvlrq prgho ri wkh lqgxfwlrq pdfklqh dw
vwdqgvwloo lv rewdlqhg e| pdnlqj zh @ 3 lq +5,1 Vlqfh yt_
@ 3/ lw fdq eh zulwwhq dv=

| @ �~tv +49,

� @
�
ytv bytv �ltv �

bltv
�

a� @
�
a�4 a�5 a�6 a�7

�W
@�

4

��uOv

4

�Ov

4

��u�v

�u.�v
��u�v

�W
Frqvlghulqj wkh wkhru| suhvhqwhg lq wkh vxevhfwlrq +LL0D,
dqg wdnlqj wkh hvwlpdwhg frh!flhqwv iurp +49,/ doo wkh sd0
udphwhuv ri wkh lqgxfwlrq pdfklqh fdq eh ghwhuplqhg dv=

a�4u @
a�5
a�4

+4:,

aUv @
a�6
a�4

+4;,

aU4
u @

a�7a�4 � a�6a�5
a�5a�4

+4<,

aOv @ aO4u @
a�7a�4 � a�6a�5

a�
5

4

+53,

aO4p @

v
aOv

�
aOv �

4

a�5

�
+54,

Dsso|lqj +8, dqg +9, wkh ydoxhv fdq eh dgdswhg wr dq
hvshfl�f ghvljq fodvv ri wkh lqgxfwlrq pdfklqh1

E1 Hvwlpdwlrq zlwk Ut nqrzq

Li y^t+w, lv d vwhs yrowdjh/ wkh vwdwru uhvlvwdqfh pd| eh
ghwhuplqhg iurp vwhdg| vwdwh ydoxhv dv=

aUv @
ytv +w,

ltv +w,

����
w$4

+55,

Wkh olqhdu uhjuhvvlrq prgho +49, pd| eh vlpsol�hg wr=

| @ �~tv +56,

� @
k �

bytv � aUvltv

� �
ytv � aUvltv

�
ltv

l

a� @
�
a�4 a�5 a�6

�W
@

k
4

�Ov

4

��u�v

Uu

�Ov

lW

Vlploduo|/ iurp +56, dqg lwhp +LL0D,/ lw lv srvvleoh wr
uhfryhu wkh uhpdlqlqj sdudphwhuv ri wkh pdfklqh1 Vr/

a�4u @
a�4
a�5

+57,

aU4

u @
a�6
a�4

+58,

aOv @ aO4

u @
a�6
a�5

+59,

aO4

p @

v
aO
v

�
aO
v �

4

a�4

�
+5:,
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F1 Vhtxhqwldo Hvwlpdwlrq

Zlwk U
t
rewdlqhg iurp +55,/ lw lv srvvleoh wr hvwlpdwh wkh

uhpdlqlqj sdudphwhuv zlwk d wzr vwhsv surfhgxuh/ dyrlg0
lqj wkh fdofxodwlrq ri wkh fxuuhqw vhfrqg ghulydwlyh1 Wkh
uhvxowdqw prghov duh=

| @ bltv +5;,

� @

k �
ytv � aUvltv

�
4

l

a� @
�
a�4 a�5

�W
@

�
d fUultu

�W

dqg/

| @

k�
bltv � ad bytv . ad aUvltv

�l
+5<,

� @

k �
adytv � ad aUvltv

�
�adltv

l

a� @
�
a�6 a�7

�W
@

�
4

�u
Uu

�W

Y1 Ghulydwlyh Hvwlpdwlrq Surfhgxuh

Xvxdoo|/ wkh ghulydwlyhv duh hvwlpdwhg xvlqj �owhuv ru fodv0
vlfdo gl�huhqwldo dssurdfkhv1 Wklv zrun xvhv d sro|qrpldo
lqwhusrodwlrq phwkrg ^43`1 Wklv phwkrg �wv d sro|qrpldo
wr wkh gdwd zlqgrzv ri p srlqwv xvlqj vwdqgdug ohdvw vtxduh
whfkqltxhv1 Vxfk gdwd fruuhvsrqg wr wkh wlph vljqdov ri
zklfk rqh vkrxog hvwlpdwh vxffhvvlyh ghulydwlyhv1 Wkh lq0
ghshqghqw yduldeoh ri wkh �wwhg sro|qrpldo lv wlph1 Di0
whu �wwlqj wkh sro|qrpldo ixqfwlrq/ rqh fdq ghwhuplqh wkh
ghulydwlyhv1
Dvvxplqj wkdw wkh ghulydwlyhv ri wkh vljqdo |+w, duh uh0

txluhg dw vdpsoh n/ wkh iroorzlqj zlqgrz ri gdwd lv fkrvhq=

�
|n�p.4 � � � |n

�
+63,

zkhuh vxevfulswv lqglfdwh wkh vdpsohv1 Vxevhtxhqwo| d
sro|qrpldo ri wkh w|sh=

j +w, @ "qw
q . "q�4w

q�4 . � � �. "4w. "3 +64,

lv �wwhg wr wkh gdwd zlqgrz1 Ilqdoo|/ wkh ghulydwlyhv dw
srlqw |+n, duh ghwhuplqhg e| gl�huhqwldwlrq ri wklv sro|0
qrpldo1 Wklv phwkrg zdv dssolhg wr ghulydwlyh fdofxodwlrq
ri wkh yrowdjhv dqg fxuuhqwv1

YL1 H{shulphqwdo Uhvxowv

Wkh h{shulphqwdo vhw0xs lv frpsrvhg ri d ghowd frq0
qhfwhg fdjh lqgxfwlrq prwru/ d wkuhh0skdvh LJEW lqyhuwhu
dqg d Shqwlxp2633 plfurfrpsxwhu1 Wkh whvw yrowdjhv zhuh
surgxfhg e| d uhjxodu SZP phwkrg zlwk d vzlwfklqj iuh0
txhqf| iv @ 43nK}1 Wkh vdpsolqj iuhtxhqf| zdv dovr
43nK}1 Wzr fxuuhqwv dqg wzr yrowdjhv zhuh phdvxuhg xv0
lqj 45 elwv uhvroxwlrq1
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Ilj1 81 lqsxw yrowdjhv E�^r� dw wzr gl�huhqw rshudwlqj srlqwv1
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Ilj1 91 Rxwsxw fxuuhqw vljqdov l^t fruuhvsrqglqj wr y ^r r eT dqg

y ^r r HT�

D y
t^ vwhs yrowdjh zdyhirup zhuh xvhg lq doo whvwv1 Wkh

vwhs yrowdjh ohyho zdv ydulhg wr rewdlq wzr gl�huhqw  x{
frqglwlrqv1 Iru hdfk rshudwlqj srlqw whq h{shulphqw uhdo0
l}dwlrqv zhuh pdgh1Iljxuhv +8, dqg +9, vkrz wkh wzr lqsxw
yrowdjh vljqdov dqg wkh uhvxowdqw l^t prwru fxuuhqwv1 Wkhvh
vljqdov zhuh �owhuhg zlwk d 933K} dqwl0doldvlqj �owhu1

Ehiruh fdofxodwlqj wkh ghulydwlyhv/ wkhvh vljqdov zhuh �o0
whuhg djdlq e| d �uvw rughu 43 K} gljlwdo orz0sdvv �owhu1

Wkh hvwlpdwhg sdudphwhuv suhvhqwhg rq wdeoh +LL, zhuh
rewdlqhg zlwk yt^ r ;Y dqg uhsuhvhqw wkh phdq ydoxhv
rewdlqhg ryhu doo wkh 43 uhdol}dwlrqv1 Wkh �uvw froxpq
suhvhqwv wkh ydoxhv rewdlqhg zlwk wkh vwdqgdug qr0ordg
dqg orfnhg0urwru whvwv1 Wkh iroorzlqj froxpqv suhvhqw hv0
wlpdwhg sdudphwhuv iurp wkh frpsohwh prgho +49, dqg wkh
vlpsol�hg prghov +56, dqg +5;05<,/ uhvshfwlyho|1 Wkh vwdq0
gdug whvwv zhuh rewdlqhg xqghu wkh frqglwlrqv vshfl�hg e|
^45`1 Zh fdq eh revhuyh wkh odujh gl�huhqfhv ehwzhhq wkh
vwdqgdug ydoxhv dqg hvwlpdwhg sdudphwhuv1

Wkh pdfklqh zdv vlpxodwhg xvlqj wkh hvwlpdwhg sdudp0
hwhuv1 Iljxuhv +:, dqg +;, vkrz wkh uhvxowv rewdlqhg zlwk
wkh uhjuhvvlrq prgho +49, frqvlghulqj wkh wzr gl�huhqw h{0
flwdwlrq ohyhov1 Wkh hvwlpdwhg sdudphwhuv xvhg zlwk yt^@
7Y duh qrw vkrzq rq wdeoh +LL,1 Zlwk yt^ @ ;Y/ wkh pd0
fklqh zdv forvhu wr wkh udwhg  x{ frqglwlrqv zkloh lq wkh
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WDEOH LL

Hvwlpdwhg sdudphwhuv zlwk pdfklqh dw vwdqgvwloo

Sdudphwhu Vwg Ht1+49, Ht1+56, Ht1+5; 2 5<,
Uv

+, 6174 61;<; 61;<; 61;<;
U

h
+, 6197 516:< 515<5 618:4

Ot +K, 3154< 31649 31643 3165<
Oh +K, 31557 3165; 31654 31674
O4 +K, 31544 315<6 315;; 31637
�u +v, 31395 3146; 31473 313<8
�O

v
+K, 31354 31387 31385 3138<
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Real(mag);Est(blue);Clas(red)

Ilj1 :1 Ydolgdwlrq uhvxowv +y ^r r eT ,= +vrolg, dfwxdo fxuuhqw/
+gdvkhg, prgho xvlqj hvwlpdwhg sdudphwhuv/ +grwwhg, prgho xv0
lqj vwdqgdug sdudphwhuv

�uvw lw zdv xqghuh{flwhg1

Iljxuh +<, vkrzv wkh uhvxowv iurp prgho +56, zlwk yt^

@ ;Y1 Lq doo fdvhv wkh wudqvlhqw dqg vwhdg| vwdwh uhvsrqvhv
rewdlqhg zlwk wkh hvwlpdwhg sdudphwhuv duh forvhu wr wkh
dfwxdo fxuuhqw zkhq frpsduhg zlwk wkh vlpxodwlrq xvlqj
wkh fodvvlfdo whvwv sdudphwhuv1
Iljxuh +43, suhvhqwv wkh uhvxowv rewdlqhg iurp prghov

+5;, dqg +5<,1 Lq wklv fdvh wkh dfwxdo dqg vlpxodwhg uh0
vsrqvhv zlwk wkh hvwlpdwhg sdudphwhuv duh voljkwo| gl�hu0
hqw1

YLL1 Frqfoxvlrqv

Wkh dssolfdwlrq ri wkh frqwlqxrxv wlph prgho vlpsol�hv
wkh uhfryhulqj ri wkh sk|vlfdo sdudphwhuv ri wkh lqgxfwlrq
prwru1 Wkh suhvhqwhg surfhgxuhv duh dghtxdwh wr wkh vhoi0
frpplvvlrqlqj skdvh vlqfh qr dgglwlrqdo kdugzduh ru pd0
fklqh lqwhuyhqwlrqv duh qhhghg/ hqdeolqj lwv lqfoxvlrq lqwr
wkh gulyh v|vwhp vriwzduh1
Wkh frqglwlrqv wr ihhg wkh pdfklqh zlwkrxw wrutxh sur0

gxfwlrq zhuh dqdo|}hg1 Lw zdv ghprqvwudwhg wkdw wkh yrow0
djh yhfwru frpsrqhqw wr eh xvhg lv d ixqfwlrq ri wkh ordg
frqqhfwlrq1 Zlwk wklv fkrlfh lw lv srvvleoh wr plqlpl}h
wrutxh rvfloodwlrqv gxulqj vwdqgvwloo whvwv1

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
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Real(mag);Est(blue);Clas(red)

Ilj1 ;1 Ydolgdwlrq uhvxowv +y ^r r HT ,= +vrolg, dfwxdo fxuuhqw/
+gdvkhg, prgho xvlqj hvwlpdwhg sdudphwhuv/ +grwwhg, prgho xv0
lqj vwdqgdug sdudphwhuv1

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
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Real(mag);Est(blue);Clas(red)

Ilj1 <1 Ydolgdwlrq uhvxowv +y ^r r HT ,= +vrolg, dfwxdo fxuuhqw/
+gdvkhg, prgho xvlqj hvwlpdwhg sdudphwhuv/ +grwwhg, prgho xv0
lqj vwdqgdug sdudphwhuv1
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Real(mag);Est(blue);Clas(red)

Ilj1 431 Ydolgdwlrq uhvxowv +y ^r r HT ,= +vrolg, dfwxdo fxuuhqw/
+gdvkhg, prgho xvlqj hvwlpdwhg sdudphwhuv/ +grwwhg, prgho xv0
lqj vwdqgdug sdudphwhuv



:

Wkurxjk wkh gh�qlwlrq ri htxlydohqw pdfklqhv lw zdv srv0
vleoh wr uhfryhu doo wkh pdfklqh sdudphwhuv lq doo sursrvhg
surfhgxuhv1

Wkh ydolgdwlrq uhvxowv vkrzq ehwwhu uhvxowv iru prghov
+49, dqg +56,1 Wkh vhtxhqfldo prgho zdv ghshqghqw rq wkh
txdolw| ri wkh d sulrul nqrzohgjh1

Wkh sursrvhg surfhgxuhv duh zhoo vxlwhg wr eh xvhg lq d
gulyh v|vwhp zlwk dxwrpdwlf vhoi0frplvvlrqlqj1

Uhihuhqfhv

^4` Z1 Ohrqkdug/ Frqwuro ri Hohfwulfdo Gulyhv1 4<;81
^5` M1 Jrgehuvhq/ S1Wkrjhuvhq/ dqg P1 Wrqqhv/ �D sudfwlfdo lghqwl0

�fdwlrq vfkhph iru lqgxfwlrq prwruv dw vwdqgvwloo xvlqj rqo| d yv
lqyhuwhu dv wkh dfwxdwru/� lq HSH*<: 0 :wk Hxurshdq Frqihuhqfh
rq Srzhu Hohwurqlfv dqg Dssolfdwlrqv/ +Wurqgkhlp 0 Qruzd|,/
ss1 66:3�66:7/ 4<<:1

^6` P1 Ehuwrox}}r/ J1 V1 Exmd/ dqg U1 Phqlv/ �Lqyhuwhu yrowdjh
gurs0iuhh uhfxuvlyh ohdvw vtxduhv sdudphwhu lghqwl�fdwlrq ri d
szp lqyhuwhu0ihg lqgxfwlrq prwru dw vwdqgvwloo/� lq LVLH*<:/
+Jxlpdu2 dhv/ Sruwxjdo,/ ss1 97<�9871

^7` N1 Plqdpl/ P1 Yhoh}0Uh|hv/ G1 Howhq/ J1 Yhujkhvh/ dqg G1 Ilo0
ehuw/ �Pxowl0vwdjh vshhg dqg sdudphwhu hvwlpdwlrq iru lqgxfwlrq
pdfklqhv/� lq LHHH Surfhhglqjv ri LDV*<4/ +Juhqreoh/Iudqfh,/
ss1 8<9�937/ 4<<41

^8` F1 Ploohw/ G1 Ohurx{/ \1 Ol/ E1 Ihxyulh/ dqg F1 Ehujpdq/ �Prg0
huq dxwrpdwlf wrrov iru dq lghqwl�fdwlrq dqg d �hog0rulhqwhg frq0
wuro ghvljq ri dq lqgxfwlrq pdfklqh= d qr olqhdu ghfrxsolqj vwuxf0
wxuh/� lq Shvf*<: 0 Uhfrug ri wkh 5;wk Dqqxdo LHHH Srzhu Hohf0
wurqlfv Vshfldolvwv Frqihuhqfh/ +Vw1 Orxlv/ Plvvrxul,/ ss1 47;9�
47<5/ Mxqh 5505: 4<<:1

^9` O1 D1 gh Ulehlur/ F1 E1 Mdfrelqd/ dqg D1 P1 Q1 Olpd/ �Olqhdu
sdudphwhu hvwlpdwlrq iru lqgxfwlrq pdfklqhv frqvlghulqj wkh rs0
hudwlqj frqglwlrqv/� LHHH Wudqvdfwlrqv rq Srzhu Hohfwurqlfv/
yro1 47/ qr1 4/ ss1 95�:6/ 4<<<1

^:` E1 N1 Ervh/ Srzhu Hohfwurqlfv dqg Yduldeoh Iuhtxhqf| Gulyhv1
4<<91

^;` O1 Omxqj/ V|vwhp Lghqwl�fdwlrq= Wkhru| iru wkh Xvhu1 4<;:1
^<` Q1 N1 Vlqkd dqg J1 S1 Udr/ Lghqwl�fdwlrq ri Frqwlqxrxv0Wlph

V|vwhpv 0 Phwkrgrorj| dqg Frpsxwhu Lpsohphqwdwlrq1 Gru0
guhfkw/ Wkh Qhwkhuodqgv= Noxzhu Dfdghplf Sxeolvkhuv/ 4<<41

^43` J1 Jrxehvw/ �Uhfrqvwuxfwlqj g|qdplfv iurp d vfdodu wlph vh0
ulhv/� lq Dqqdov Qhz \run Dfdghp| ri Vflhqfhv/ yro1 ;3;/ +Qhz
\run/ XVD,/ ss1 58�83/ 4<<:1

^44` W1 D1 Ol^sr/ G|qdplfv dqg Frqwuro ri DF Gulyhv1 R{irug/ XVD=
Foduhqgrq Suhvv/ 4<<91
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