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Abstract: A common induction machine problem is its 
control at the low speed. To solve this problem is 
applied the complex transfer function concept on 
induction machine model and it allows to design and 
tuning a complex controller by using frequency-
response function for speed drives in a direct torque 
strategy. Another problem at low speed is the flux 
estimation. For this propose is used an integration 
method that permits the flux estimation at low speeds. 
Experimental results are presented for validation the 
controller.  
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I. INTRODUCTION 
 

The dynamics of induction motor (IM) is represented 
traditionally by differentials equations. The space vector 
concept [1] is used in the mathematical representation of 
IM state variables like voltage, current and air gap flux.  

The concept of complex transfer function is achieved 
by the application of Laplace transform to the differential 
equations in which the complex coefficients are in 
according spiral vector theory done by Yamamura [2]. 

Holtz [3] proposes an IM model using the complex 
transfer function and present simulation results. Others 
procedures of modeling and simulating of IM dynamics 
using the complex transfer function concept are presented 
by Cad[4]. 

Briz [5] applied the concept of transfer function to the 
design of current regulators for a RL load and to IM. The 
regulator design is realized by using the direct and 
quadrature axis. 

In the same form of Briz, Holtz [6] designs a controller 
in complex form to stator current of IM. Simulation 
results showed that it allows work without cross-
copplying in direct and quadrature currents. 

An alternative for IM drives is the use of direct torque 
control (DTC) that consists in the direct control of stator 
flux λ1 and torque Te. DTC controller generates a stator 
voltage vector that permits quick torque response by the 
smallest variation of the stator flux. 

Divan [7] proposed a DTC strategy using PI controllers 
and space vector modulation to generate a stator voltage 
based on torque and stator flux error. This strategy has 
good response of torque, although tests with low speed 
have not been shown yet. 

This work proposes to substitute the conventional PI 
controller by a complex gain that is designed by using the 
complex transfer function concept and the tuning is 
realized by the frequency-response function of system 
controller-IM. Experimental results of low and high 
speeds are presented for validation the proposed 
controller. The DTC strategy is of Divan. 

 
II. THE COMPLEX TRANSFER FUNCTION 

 
The concept of complex transfer function is achieved 

by the application of Laplace transform to the differential 
equations in which the complex coefficients are in 
according spiral vector theory done by Yamamura [2]. 

A characteristic of the complex transfer functions is the 
possibility to produce the transient behavior of second 
real order system by means of first order complex system. 
Fig.1 presents a first order complex transfer function 
block diagram and the correspondent differential equation 
is gotten by: 
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From the Fig. 1 the unfolded real version of the 
complex transfer function represents a more complicated 
system. This occurs due to the cross coupling between the 
real and imaginary terms each variable. 

 
III. COMPLEX MODEL OF THE INDUCTION 

MACHINE 
 

The IM model is written in synchronous referential (dq) 
and the state variables are stator current 1i

r
and stator flux 
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Fig.1.  Block diagram of a complex transfer function and their 

equivalents: folded format (a) and unfolded format (b). 
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Where: 
 
superscript ∗  -represents the conjugate. 
subscript 1  represents stator parameters. 
subscript 2 represents rotor parameters. 
i
r

 -current vector.  
R -resistance. 
λ
r

 - stator flux vector. 
ω1 -synchronous frequency of stator flux. 
ωmec -mechanical velocity. 
σ -leakage coefficient. 
L -inductance. 
Lm -magnetization inductance. 
P -number of pair of poles. 
vr  -voltage vector. 
J -load inertia. 
TL -load torque. 
 

By combining (2) and (3), after some manipulations, it 
can be write as a complex space state equation: 
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From now it will be assumed that the mechanical time 
constant is much greater then the electrical time constants. 
Thus, ωmec constant is a valid approximation. By using the 
Laplace transform in (6) is obtained the complex transfer 
function of IM and its block diagram by using (4), (5) and 
(6) is shown in the Fig. 2.  

 
IV. DIRECT TORQUE CONTROL  

 
The use of direct torque control (DTC) permits a quick 

response of torque and consists the direct control of stator 
flux λ1 and torque Te. DTC controller generates a stator 
voltage vector that permits quick torque response by the 
smallest variation of the stator flux. 
This work is based in Divan’s strategy that uses a 
conventional PI controllers and space vector modulation 
to generate a stator voltage based on torque and stator flux 
error.  
In this work, by using stator field orientation, the torque 
and stator flux must become parts of a complex number, 
where the magnitude of stator flux 1λ  is the real 

component and the torque eT  is the imaginary component. 
Hence, the reference signals and error signal become a 
complex number and controller is a complex gain (a+jb); 
this gain has the function of generating   voltage reference 
vector by using the stator flux - torque vector error 
( λε +j Tε ) and the stator voltage vector in the control 
strategy and it is given by 
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Fig. 2  Block diagram of induction machine with synchronous referential. 
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what signifies that the direct and quadrature axis of the 
voltage vector are 
 bav Td εελ −=   (12) 

 abv Tq εελ +=   (13) 
 
Where: 
 
a -real part of proportional complex gain. 
b  -imaginary part of proportional complex gain. 

λε  -flux error signal. 

Tε  -torque error signal. 
 

The block diagram of model with the complex gain is 
presented in Fig. 3. 
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Fig. 3.  The DTC strategy with complex controller. 
 

It can be observed in (12) and (13) that the complex gain 
changes the amplitude and phase of the vector voltage.  
The reference stator voltage vector is transformed by 
using stator flux position sθ  to obtain the stator voltage at 
stationary reference frame as done in the next section.  
 
 
 
 

V. ESTIMATION BLOCK 
 

The estimation of stator flux is calculated using the 
stator currents and voltages, given by 
 ( )∫ −= dtiRv αβαβαβλ 1111

rrr
 (14) 

Where: 
 
subscript αβ - stator stationary reference frame. 
 
The stator flux angle is estimated by using the trigo-

nometric transfer function 
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To allow good stator flux estimation by using a simple 
integrator, Hu [8] proposes an integration method based 
on 
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where: 
 
x - input of integration. 
z - compensation signal. 
ωc - cut frequency. 
 
Assuming that the compensation signal is set to zero, the 
integrator becomes a first order LP filter that is usually 
adopted to replace the pure integrator in practice. If the 
compensation is taken from the integrator’s output (z=y) 
the integrator performs the same function as a pure 

integrator xsy 1= . Another way to get a better pure 

integrator performance is the use of a limiter that is 
proposed by Hu. The integrator block diagram within 
limiter is shown in the Fig 4. 
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Fig. 4.  Integrator block diagram. 

 
VI. DESIGN OF COMPLEX GAIN 

 
The tuning of complex gain requires the transfer function 
closed loop of system-IM, and then it can get frequency-
response function. The IM closed loop transfer function, 
presented on Fig. 2, considering the slip approximated 
null, is given by 
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To allow that H(s) (17) output be the stator flux 
magnitude 1λ  and torque eT , it required a relationship by 

using the stator current vector 1i
r

. The relationship is given 
by 
 dd iL 1111 σλλ ==  (18) 
and the electromagnetic torque is calculated by 

 .
2
3

11 qe iPT λ=  (19) 

The magnitude of stator flux is assumed to be essentially 
constant in (19). Thus, by using (17), (18) and (19) the 
new transfer function is 
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The FRF of (20) is presented in Figure 6 and it was 
chosen the 20 Hz frequency to tuning the complex gain. 
Then, with (20) and (11) becomes possible to close the 
loop with the complex gain as Fig. 5 showed. 
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Fig. 5.  System to design the complex gain. 

 
The transfer function of Fig. 5 is calculated by 
 

 
( ) ( )

( ) ( ) 





 +++







 ++

=
+
+

2
31

2
3

11

11

**
1

1

λσ

λσ

λ
λ

jPLsHjba

jPLsHjba

T
T

e

e  (21) 

 
It was chosen a complex gain equal 125-j25. Thus, with 
this valor it becomes possible to calculate FRF of (21) and 
it can be seen in Fig. 7. Equation’s (21) magnitude is near 
of 0dB. Then, in this case the system is stable. 
 

 
Fig. 6.  Frequency-response function of (20). 

 

 
Fig. 7.  Frequency-response function of (21). 

 

VII. EXPERIMENTAL RESULTS 
 

The DTC strategy was implemented using a Texas 
Instruments DSP TMS320F2812 platform. The system 
consists in a three-phase VSI with insulated-gate bipolar 
transistors (IGBTs). The stator voltage commands are 
modulated by using symmetrical space vector PWM, with 
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constant switching frequency equal 2,5 kHz. The DC bus 
voltage of the VSI is 226 V. The stator voltages and 
currents are sampled with frequency equal 2,5 kHz. A 
conventional PI controller generates a torque reference by 
using the speed error. The motor parameters are shown at 
Appendix. The flux and torque estimation, and the flux-
torque complex regulator and speed controller have the 
same sampling time equal a    2,5 kHz. The encoder 
resolution is 1500 points per revolution. 

Five tests were made with no load IM. In the first 
respon-se to step torque operation of 12,2 Nm is shown in 
Fig. 8. It can be observed that the response time is 25ms 
and the reference is followed with oscillation. This occurs 
due to an error in process of measurement of the currents, 
the voltages.  

The second test is a speed forward and reversal 
operation and it is presented in the Fig. 9. The speeds 
change of 600 rpm to -600 rpm in 1.5s. It can be seen that 
the reference is followed in steady state and transient 
state. 

Fig.10 presents a speed forward and reversal 
operation. The speeds change of 125 rpm to -125 rpm in 
1s. It can be seen the good performance of controller. The 
little bit error occurs due to the processes of measurement 
of speed. 

The fourth test is speed forward and reversal 
operation as presented in the Fig. 11. The speeds change 
of 2 Hz/60 rpm to 6 Hz/180 rpm in 300ms. It can be seen 
the good performance of controller.  

Fig. 12 presents a speed response to step operation. 
The speed changes of 60 to -60 rpm. It can be seen the 
good performance of controller.  

 

 
Fig 8.  Response to step torque operation  (9 Nm/div). 

 

  
Fig. 9.  Speed forward and reversal operation (500 rpm/div). 

 

 
Fig. 10.  Speed forward and reversal operation (125 rpm/div) 

and phase a current (6A/div). 
 

 
Fig. 11 Speed forward and reversal operation (150 rpm/div) and 

phase a current (6 A/div). 
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Fig. 12.  Speed response to step operation (150 rpm/div) 
and phase a current ( 6 A/div). 

VIII. CONCLUSION 
 

The concept of complex vector notation associate 
with the complex gain allows the design and tuning the 
complex controller with the use FRF.  

The experimental results presented that the control 
strategy have a satisfactory performance on transient 
and steady state although the complex gain design has 
been adjusted for a given speed, it works well for other 
speeds. 

Thus, the complex vector becomes a good tool for 
implementation IM drives. 
 

ACKNOWLEDGEMENT 

The authors of this work would like to thank for 
CAPES by financial support. 
 

REFERENCES 

[1] Kovács, P. K. and Rácz, E. Transient Phenomena in 
Electrical Machines, Amsterdam,The Netherlands: 
Elsevier. 1984. 

[2] S. Yamamura, Spiral Vector Theory of AC Circuits 
and Machines, Oxford Pub. 1992. 

[3] Holtz, J. The representation of ac machine dynamics 
by complex signal flow graphs, IEEE Trans. Ind. 
Electron. 42: 263–271.1995. 

[4] Cad, M. M.. Estratégias de modelagem dinâmica e 
simulação computacional do motor de indução 
trifásico, Dissertação de mestrado, Escola de 
Engenharia de São Carlos, 2000, USP - Universidade 
de São Paulo. 

[5] Briz, F., degener, M.W. and Lorenz, R. D.Analysis 
and design of current regulators using complex 
vectors, IEEE Trans. Ind. Applicat.32: 817–
825.2000. 

[6] Holtz, J., Quan, J., Pontt, J., Rodr´ıguez, J.,newman, 
P. and Miranda, H. Design of fast and robust current 
regulators for high-power drives based on complex 
state variables, IEEE Trans. Ind. Applications. 40: 
1388–1397.2004. 

[7] Y. Xue, X. Xu, T. G. Halbetler, and D. M. Divan. “A 
low cost stator flux oriented voltage source variable 
speed drive”. Conference Record of the 1990 IEEE 
Industrial Applications  Society Annual Meetting, 
1:410–415, Oct 1990. 

[8] Hun , J. Wu B. “New integration algorithms for 
estimating motor flux over wide speed range”. IEEE 
Trans. on Power Electronics, 13, 5:969-977. 
September. 1998. 

 

APPENDIX 

 Machine parameters: 
R1 = 2.229Ω, R2 = 1.522Ω ,Lm = 0.238485 H;                    
L1 = 0.2470 H; L2 = 0.2497 H; J = 0.0067 kgm2; P = 2; 
PN = 2.3 kW, VN = 220 V . 
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