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Abstract— This paper proposes the application of the Model
Reference Adaptive Controller (MRAC) concepts to the contin-
uous adaptation framework of a discrete Proportional Deriva-
tive (PD) control law. In order to compensate the nonlinear
load disturbances in UPS applications, a modified Repetitive
(RP) plug-in action is added. Besides the nonlinear load-effect
compensation, the proposed MRAC-PD controller allows the
tracking of the plant output with respect to a reference model
output. In order to demonstrate the overall control feasibility, the
algorithm was implemented in a TMS320F2812 DSP controller
and experimental results for a 6kVA three-phase UPS system are
presented to support the theoretical developments.

Keywords – MRAC controller, modified Repetitive action, odd-
harmonic compensation.

I. INTRODUCTION

Uninterruptible Power Systems (UPS) have been extensively
used as a backup system for single and three-phase critical
loads. The UPS requirements are defined by standards such as
the IEC62040-3 [1], which imposes limits on the THD (Total
Harmonic Distortion) of the output voltages and classifies
the UPS according to its performance. Thus, researches on
UPS relates to its topology and control strategies to reach
such requirements. In its majority, typical loads are comprised
by diode bridges with capacitive filter, and control strategies
based on RP plug-in controllers have been considered to
mitigate the resultant undesired distortions on the voltage
waveform [2], [3]. The plug-in RP controllers are embedded
with a main controller in order to provide certain stability
margins. Nevertheless, a few researches on RP schemes are
concerned with this controller. In [3], [4], the use of an
adaptive scheme was proposed to tune the gain of the RP
controller. The system was based on a robust model reference
adaptive control (RMRAC) with a conventional RP controller
[5]. In the same lines, this paper develops a direct MRAC-
PD compensator with a modified RP controller. The adaptive
design is so that, parametric deviations from the nominal
plant are compensated and the output of the plant tracks
a predefined reference model output. Such scheme provides
a direct adaptive control law and a Gradient algorithm can
used either in a continuous adaptation approach or as an aid
design tool. The RP action is based in works of [6]–[8]. These
approaches differ from the conventional RP schemes [2]–[5],
[9] as the transfer function of the controller can be adjusted
in order to comprise only selected harmonics components
for compensation. Thus, this approach presents a reduced

number of states improving the transient response. Moreover,
the undesired plant and controller dynamics cancelation can
be avoided [8]. This problem arises, for example, when an
output transformer is connected at the UPS output because
the plant model appears with a zero z = 1. Once from the
internal model principle any pole/zero cancelation must be
prevented, the use of a conventional RP approach violates
this statement and the controller presented in this paper is
a candidate approach. Besides, the algorithm can be improved
in order to demand less use of memory in an experimental
implementation. This is achieved by using a multi–rate frame-
work where the RP controller is sampled in a multiple rate
lower than the MRAC-PD controller.

In this paper, the compensation was limited to the odd-
harmonic components and the pole in the origin was sup-
pressed. In the following sections, the adaptive algorithm is
described. After, the modified RP scheme is shown and finally,
the overall system and the design parameters are given. Some
simulation and experimental results are presented to verify the
system feasibility.

II. MRAC-PD CONTROLLER

The overall control approach consists of two control loops,
comprising the MRAC-PD (see Figure 1) and the RP plug-in
controller.
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Fig. 1: Block diagram of MRAC-PD system

A. Plant and Reference Model Assumptions

Let us consider the following SISO plant in terms of the
discrete operator z

1014



y(z)

uc(z)
= Gp(z) = kp

Z0(z)

R0(z)
. (1)

Where Gp(z) is a strictly proper transfer function. Lets too
introduce a stable transfer function for the reference model.

ym(z)

r(z)
= Wm(z) = km

1

Dm(z)
. (2)

The assumptions for (1) and (2) (see [10]) are stated bellow:
A1: Z0(z) is a monic Hurwitz polynomial with de-
gree m ≤ n − 1;

A2: R0(z) is a monic polynomial with degree n;
A3: The sign of kp is known;
A4: m and n are known;
A5: Dm(z) is a monic Hurwitz polynomial with
degree n∗ = n − m;

The objective of a MRAC based controller is, given a
reference model with output ym, design an adaptive controller
so that the closed–loop plant is stable and the plant output y
tracks ym as closely as possible.

B. MRAC-PD Control Law and Error Equation

A discrete PD compensator can be expressed in terms of
the transfer function

uPD(z)

e1(z)
= GPD(z) = θP + θD

(

1 − z−1
)

. (3)

In the difference equation form, follows from (3) that

uPD(k) = θ1(k)e1(k) + θ2(k)e1(k − 1),

where θ1 = θP + θD , θ2 = −θD with θP , θD defined as the
discrete–time proportional and derivative gains.

From Figure 1, the control law uc is given by

uc(k) = kfr(k) + θ1(k)e1(k) + θ2(k)e1(k − 1). (4)

where kf is a positive constant and r is an uniform bounded
signal.

Assuming

θ(k)T ,
[

θ1(k) θ2(k)
]

and

ω (k)
T

,
[

e1 (k) e1 (k − 1)
]

,

and from (4), the resultant control law is given by

uc(k) = kf r(k) + ω(k)T θ(k). (5)

In order to obtain the augmented error, we next define the
tracking error e1 = y − ym and the parametric error vector
φ = θT − θ∗T . Subtracting the term θ∗T ω in both sides of (5)
results in

uc(k) − θ∗T (k)ω(k) = kf r(k) + φT (k)ω(k). (6)

Considering the objective of the reference model approach
stated in the previous section and from (1) and (2), follows
that

y(k) = Gp(z)uc(k) = ym(k) = Wm(z)r(k).

In such ideal case, the parametric error vector is φ =
[

0 0
]T

and with this assumption follows from (6) that

kfr(k) = uc(k) − θ∗T (k)ω(k). (7)

The substitution of r(k) = Wm(z)−1y(k) in (7) gives

y(k) = k−1
f Wm[uc(k) − θ∗T (k)ω(k)].

In the above equation, the term inside the brackets can be
replaced in according with (6). The plant output can now be
expressed as

y(k) = k−1
f Wm[kfr(k)φT (k)ω(k)],

and the tracking error e1 is given by

e1(k) = y(k) − ym(k) = k−1
f WmφT (k)ω(k). (8)

We now define an augmented error equation using the
following relation

WmφT ω − φT Wmω = −θT Wmω + WmθT ω.

By replacing the term Wm(z)φT ω in (8), the augmented
error is

ε(k) = e1(k) + θ(k)T ξ(k) − Wm(z)v(k) = φ(k)T ξ(k), (9)

where ξ = Wm(z)Iω and v = θT ω.

C. Parameter Adaptation Algorithm

Consider the following adaptive algorithm

θ(k + 1) = (I − σTsP ) θ(k) − TsP
ξ(k)ε(k)

1 + m(k)2
, (10)

where P = P T > 0.
The normalization signal is given by

m(k + 1) = (1 − Tsδ0) m(k) + . . .

Tsδ1 (|u(k)| + |y(k)| + 1) ,

with m(0) ≥ δ1

δ0

, δ1 ≥ 1 and δ0 is a positive constant. The
terms ε and ξ were defined in the previous section.

The σ-modification used in (10) is given by

σ =















0 if ‖θ‖ < M0

σ0

(

‖θ‖
M0

− 1
)

if M0 ≤ ‖θ‖ < 2M0

σ0 if ‖θ‖ > 2M0

where M0 is an upper bound for ‖θ∗‖ and σ0 has a positive
value.
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Fig. 2: Negative feedback loop with odd-harmonic generation
capability

III. MODIFIED RP CONTROLLER

From the internal model principle, the plant output can
track a class of reference commands if the generator for the
references is included in a stable closed–loop system. In this
paper, a discrete–time module for generation of odd–harmonic
commands is used as in [7]. The realization of such reference
generator can be implemented by the use of the negative
feedback structure depicted in Figure 2. The resultant transfer
function is given by

uRP (zm)

e1(zm)
= GRP (zm) =

N(zm)

φ(zm)
. (11)

The use of the new discrete–time operator zm is related
to the particular sample time Tm of the RP controller, which
can differ from the basis sampling–time Ts of the MRAC–
PD controller. This multi–rate sampling scheme is depicted in
Figure 3. The method consists on to sample the RP controller
at each ns samples of the MRAC–PD control law. The
sampling times are properly chosen so that Tm = nsTs shall
lead to an even integer value of N samples of (11) over one
fundamental period T1 = 1/f1, where f1 is the fundamental
frequency of the output waveform.
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Fig. 3: Block diagram of the overall system in the proposed
multi–rate approach

In (11), the polynomial φ(zm) comprises all the frequencies
to be rejected and Nm(zm) depends on the transfer function
Gf (zm) and the gain kRP . In this paper, the transfer function
GRP is given by

GRP (zm) = kRP

zd
m

z
N/2
m + Q(zm, z−1

m )

, (12)

To enhance the robustness, it is usual the insertion of a
FIR low–pas filter Q(zm, z−1

m ) such that
∥

∥Q(zm, z−1
m )

∥

∥ 6 1,
with zero phase shift at the fundamental frequency f1 of the
reference r. The parameter d is used to compensate the phase
lead introduced by the plant.

The pole–zero map for the RP controller in the cases
where the low-pass filter is made Q = 1 and Q(zm, z−1

m ) =
0.25z−1

m + 0.5 + 0.25zm is shown in Figure 4. In the present
example, the discrete–time functions generators were sampled
at Tm = 1/1920Hz. Hence, a total number of N = 32
samples were accomplished over one fundamental period
f1 = 60Hz. Furthermore, the choice of the new frequency
fm = fs/N decreases the number of poles in the closed–loop
transfer function, improving the transient time response.
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Fig. 4: Pole–zero maps (c) and (d) for the blocks (a) and (b)
respectively

As seen from the pole–zero map in Figure 4d, the selection
of the FIR filter Q(zm, z−1

m ) brings to a dumping on the poles,
which are now more closely inside the unit circle edge. Thus,
this approach increases the robustness but may compromises
the compensation performance at those frequencies, if com-
pared to the case were Q = 1 (see Figure 4b).

IV. RESULTS AND DISCUSSIONS

The MRAC–PD controller embedded with the modified RP
controller was simulated for the three–phase UPS system of
Figure 5.

For all results, the reference model was

Wm(z) =
0.017z−1 + 0.016z−2

1 − 1.807z−1 + 0.841z−2
.

A. Simulation Results

The simulated system parameters were: L0 = 400mH ,
C0 = 130µF , Rs = 0.25Ω, R1 = 10Ω and C1 = 11300µF .
The values R1, Rs, C of the nonlinear load were obtained in
compliance with the IEC62040-3 standard. Which has been
considered in the majority of UPS related papers, since it
defines tight performance limits and can be considered as a
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reference for comparison between different UPS equipments
by defining a common load test.

For the simulation results, the MRAC–PD related param-
eters were initialized with kf = 1, θ0 =

[

−16 14
]T

,
P = 10I2×2, σ0 = 0.3, M0 = 10.7, δ0 = 0.5 and δ1 = 1
with the sampling frequency fs = 19200Hz. For the RP
plug–in controller, the gains are kRP = 1.014, N = 64,
d = 2 and ns = 5. The FIR filter used in (12) was chosen as
Q(zm) = 0.25z−1

m + 0.5 + 0.25zm and the resultant sampling
frequency of the RP servo system is fm = 3840Hz(fs/ns).

The tracking capability of the plant output y toward the
reference model output ym under a nonlinear load is shown
in Figure 6 for a 60Hz/127V rms waveform. Figure 7 shows
the evolution of the parameter vector θ (5). As θ1 = θP + θD

and θ2 = −θD, the discrete proportional and integral PD gains
are θP = −0.8 and θD = −7.2.
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Fig. 6: Reference Model output ym, corresponding phase
voltage y and current, driven by a single-phase rectified load

B. Experimental Results

An equivalent 6kVA prototype using IGBT switches was
implemented and tested. Due to practical reasons, the L0C0 fil-
ter and load parameters are the same of the simulated example
with exception of the load filter capacitor C1 = 9400µF and
the output voltage was set to 110Vrms. In this case, the initial
MRAC-PD parameters are θ0 =

[

−4 3.6
]T

, M0 = 2 and
the filter is Q(zm) = 0.025z−1

m + 0.95 + 0.025zm in order to
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Fig. 7: Parametric convergence of the MRAC-PD compensator

increase the performance of the RP controller. All the rest of
parameters were kept the same.

To verify the transient behavior of the system with the
adaptive scheme, a step of 50% on the reference value was
implemented. As seen in Figure 8, the plant output y tracks
the reference signal ym. It is important to point out that
the mismatching between the waveforms are due to the high
nonlinear behavior of the loads.
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Fig. 8: Reference step of 50% and tracking behavior

Next, Figure 9 shows the parametric convergence for the
previous experiment. The final values of the parameter vector
leads to proportional and derivative discrete gains θP = −1.16
and θD = −1.33.

A load transition experiment was realized in order to
evaluate the closed–loop tracking error limit. In Figure 10 the
plant output and the resulting tracking error e1 are shown.
In spite of the high error in the transitions, the steady–state
values decreases to less than 6%. The fundamental amplitude
waveform is 125V . In the Figure 11a and 11b the steady–state
output waveforms are shown for the conditions of nominal
nonlinear load and no–load, respectively. In all simulation and
experimental results the THD in steady–state conditions not
exceeded the range of 1.5%.
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Fig. 11: Output voltage waveforms for nonlinear load (a) with
THD=1.5% and no–load (b).

V. CONCLUSION

This paper proposes an adaptive approach embedded in
a RP plug-in controller for odd-harmonic suppression in a
multi-rate framework. The simulated and experimental results
pointed out the effectiveness of the adaptive algorithm once the
norm of the parameters converges to a previous known control
parameter M0 and do not diverges. Moreover, by reducing the
sampling rate of the RP action, it is possible to improve the
stability margins as well as the transient response of the overall
system. Experimental results from a 6kVA three-phase inverter

demonstrated the good performance of the proposed approach.
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